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pulsations
C. Va´squez Flores1, L. B. Castro2, G. Lugones1
1 Centro de Cieˆncias Naturais e Humanas, Universidade Federal do ABC,
Av. dos Estados 5001, CEP 09210-580, Santo Andre´, SP, Brazil and
2 Departamento de F´ısica, Universidade Federal do Maranha˜o,
Campus Universita´rio do Bacanga, CEP 65080-805, Sa˜o Lu´ıs, Maranha˜o, Brazil∗
We investigate the effect of strong magnetic fields on the adiabatic radial oscillations of hadronic
stars. We describe magnetized hadronic matter within the framework of the relativistic nonlinear
Walecka model and integrate the equations of relativistic radial oscillations to determine the fun-
damental pulsation mode. We consider that the magnetic field increases, in a density dependent
way, from the surface, where it has a typical magnetar value of 1015 G, to the interior of the star
where it can be as large as 3× 1018 G. We show that magnetic fields of the order of 1018 G at the
stellar core produce a significant change in the frequency of neutron star pulsations with respect to
unmagnetized objects. If radial pulsations are excited in magnetar flares, they can leave an imprint
in the flare lightcurves and open a new window for the study of highly magnetized ultradense matter.
PACS numbers: 26.60.Kp, 26.60.Dd, 97.10.Sj
I. INTRODUCTION
Compact stars have a large number of pulsation modes
that have been extensively studied since the seminal work
of Chandrasekhar on radial oscillations [1, 2]. In gen-
eral, these modes are very difficult to observe in the elec-
tromagnetic spectrum; therefore most efforts have con-
centrated on gravitational wave asteroseismology in or-
der to characterise the frequency and damping times of
the modes that emit gravitational radiation. In partic-
ular, various works focused on the oscillatory properties
of pure hadronic stars, hybrid stars and strange quark
stars trying to find signatures of the equation of state of
high density neutron star matter (see [3–8] and references
therein).
More recently, compact star oscillations have attracted
the attention in the context of Soft Gamma ray Repeaters
(SGRs), which are persistent X-ray emitters that sporad-
ically emit short bursts of soft γ-rays. In the quiescent
state, SGRs have an X-ray luminosity of ∼ 1035 erg/s,
while during the short γ-bursts they release up to 1042
erg/s in episodes of about 0.1 s. Exceptionally, some
of them have emitted very energetic giant flares which
commenced with brief γ-ray spikes of ∼ 0.2 s, followed
by tails lasting hundreds of seconds. Hard spectra (up
to 1 MeV) were observed during the spike and the hard
X-ray emission of the tail gradually faded modulated at
the neutron star (NS) rotation period. The analysis of
X-ray data of the tails of the giant flares of SGR 0526-66,
SGR 1900+14 and SGR 1806-20 revealed the presence of
quasi-periodic oscillations (QPOs) with frequencies rang-
ing from ∼ 18 to 1840 Hz [9–11]. There are also candi-
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date QPOs at higher frequencies up to ∼ 4 kHz in other
bursts but with lower statistical significance [12]; in fact,
according to a more recent analysis only one burst shows
a marginally significant signal at a frequency of around
3706 Hz [13].
Several characteristics of SGRs are usually explained
in terms of the magnetar model, assuming that the ob-
ject is a neutron star with an unusually strong magnetic
field (B ∼ 1015 G) [14]. In particular, giant flares are as-
sociated to catastrophic rearrangements of the magnetic
field. Such violent phenomena are expected to excite a
variety of oscillation modes in the stellar crust and core.
In fact, recent studies have accounted for magnetic cou-
pling between the crust and the core, and associate QPOs
to global magneto-elastic oscillations of highly magne-
tized neutron stars [15–18]. There has also been interest
in the possible excitation of low order f -modes because
of their strong coupling to potentially detectable gravi-
tational radiation [19].
In the present paper we focus on radial oscillations of
neutron stars permeated by ultra-strong magnetic fields.
These modes might be relevant within the magnetar
model because they could be excited during the violent
events associated with gamma flares. Since they have
higher frequencies than the already known QPOs, they
cannot be directly linked to them at present. However, it
is relevant to know all the variety of pulsation modes of
strongly magnetized neutron stars because the number of
observations is still small and new features could emerge
in future flares’ data. On the other hand, in the case of
rotating objects we can expect some amount of gravita-
tional radiation from even the lowest (l = 0) quasi-radial
mode [20, 21] making them potentially relevant for grav-
itational wave astronomy.
2II. EQUATIONS OF STATE
A. Hadronic phase under a magnetic field
In this section we present an overview of the hadronic
equations of state (EOS) used in this work. We describe
hadronic matter within the framework of the relativistic
non-linear Walecka (NLW) model [22]. In this model we
employ a field-theoretical approach in which the baryons
interact via the exchange of σ − ω − ρ mesons in the
presence of a magnetic field B along the z−axis. The
total lagrangian density reads:
LH =
∑
b
Lb + Lm +
∑
l
Ll + LB . (1)
where Lb, Lm, Ll and LB are the baryons, mesons, lep-
tons and electromagnetic field Lagrangians, respectively,
and are given by
Lb = ψb (iγµ∂µ − qbγµAµ −mb + gσbσ
−gωbγµωµ − gρbτ3bγµρµ)ψb , (2)
Lm = 12 (∂µσ∂µσ −m2σσ2)− U(σ) + 12m2ωωµωµ
− 14ΩµνΩµν + 12m2ρ~ρµ · ~ρµ − 14PµνPµν , (3)
Ll = ψl (iγµ∂µ − qlγµAµ −ml)ψl , (4)
LB = − 14FµνFµν . (5)
where he b-sum runs over the baryonic octet b ≡
N (p, n), Λ, Σ±,0, Ξ−,0, ψb is the corresponding baryon
Dirac field, whose interactions are mediated by the σ
scalar, ωµ isoscalar-vector and ρµ isovector-vector me-
son fields. The baryon charge, baryon mass and isospin
projection are denoted by qb, mb and τ3b, respectively,
and the masses of the mesons are mσ = 512 MeV,
mω = 783 MeV and mρ = 770 MeV. The strong interac-
tion couplings of the nucleons with the meson fields are
denoted by gσN = 8.910, gωN = 10.610 and gρN = 8.196.
We consider that the couplings of the hyperons with the
meson fields are fractions of those of the nucleons, defin-
ing giH = XiHgiN , where the values of XiH are chosen as
XσH = 0.700 and XωH = XρH = 0.783 [23]. The term
U(σ) = 13 bmn(gσNσ)
3 − 14 c(gσNσ)4 denotes the scalar
self-interactions [24–26], with c = −0.001070 and b =
0.002947. The mesonic and electromagnetic field tensors
are given by their usual expressions Ωµν = ∂µων − ∂νωµ,
Pµν = ∂µ~ρν−∂ν~ρµ−gρb(~ρµ×~ρν) and Fµν = ∂µAν−∂νAµ.
The l-sum runs over the two lightest leptons l ≡ e, µ and
ψl is the lepton Dirac field. The symmetric nuclear mat-
ter properties at saturation density adopted in this work
are given by the GM1 parametrization [27], with com-
pressibility K = 300 MeV, binding energy B/A = −16.3
MeV, symmetry energy asym = 32.5 MeV, slope L = 94
MeV, saturation density ρ0 = 0.153 fm
−3 and nucleon
mass m = 938 MeV.
The following equations present the scalar and vector
densities for the charged and uncharged baryons [28, 29],
respectively:
ρsb =
|qb|Bm¯b
2pi2
∑νmax
ν
∑
s
m¯cb√
m¯2
b
+2ν|qb|B
ln
∣∣∣∣k
b
F,ν,s+E
b
F
m¯c
b
∣∣∣∣, (6)
ρvb =
|qb|B
2pi2
∑νmax
ν
∑
s k
b
F,ν,s, (7)
ρsb =
m¯b
4pi2
∑
s
[
E bFk
b
F,s − m¯2b ln
∣∣∣∣k
b
F,s+E
b
F
m¯b
∣∣∣∣
]
, (8)
ρvb =
1
2pi2
∑
s
[
1
3 (k
b
F,s)
3
]
, (9)
where m¯b = mb − gσσ and m¯cb =
√
m¯2b + 2ν|qb|B. ν =
n+ 12−sgn(qb) s2 = 0, 1, 2, ... are the Landau levels for the
fermions with electric charge qb, s is the spin and assumes
values +1 for spin up and −1 for spin down cases.
The energy spectra for the baryons are given by [30,
31]:
E bν,s =
√
(k bz )
2 + m¯2b + 2ν|qb|B + gωbω0 + τ3bgρbρ0 (10)
E bs =
√
(k bz )
2 + m¯2b + (k
b
⊥)
2 + gωbω
0 + τ3bgρbρ
0, (11)
where k b⊥ = k
b
x + k
b
y . The Fermi momenta k
b
F,ν,s of the
charged baryons and k bF,s of the uncharged baryons and
their relationship with the Fermi energies of the charged
baryons E bF,ν,s and uncharged baryons E
b
F,s can be writ-
ten as:
(k bF,ν,s)
2 = (E bF,ν,s)
2 − (m¯cb)2 (12)
(k bF,s)
2 = (E bF,s)
2 − m¯2b . (13)
For the leptons, the vector density is given by:
ρvl =
|ql|B
2π2
νmax∑
ν
∑
s
k lF,ν,s, (14)
where k lF,ν,s is the lepton Fermi momentum, which is
related to the Fermi energy E lF,ν,s by:
(k lF,ν,s)
2 = (E lF,ν,s)
2 − m¯2l , l = e, µ, (15)
with m¯l = m
2
l+2ν|ql|B. The summation over the Landau
level runs until νmax; this is the largest value of ν for
which the square of Fermi momenta of the particle is
still positive and corresponds to the closest integer, from
below to:
νmax =
[
(E lF )
2 −m2l
2|ql|B
]
, leptons (16)
νmax =
[
(E bF )
2 − m¯2b
2|qb|B
]
, charged baryons. (17)
The chemical potentials of baryons and leptons are:
µb = E
b
F + gωbω
0 + τ3bgρbρ
0, (18)
µl = E
l
F =
√
(k lF,ν,s)
2 +m2l + 2ν|ql|B . (19)
3From the Lagrangian density (1), and mean-field ap-
proximation, the energy density is given by
εm =
∑
b
(εcb + ε
n
b ) +
1
2mσσ
2
0
+U(σ) + 12mωω
2
0 +
1
2mρρ
2
0 , (20)
where the expressions for the energy densities of charged
baryons εcb and neutral baryons ε
n
b are, respectively, given
by:
εcb =
|qb|B
4π2
νmax∑
ν
∑
s
[
k bF,ν,sE
b
F
+(m¯cb)
2 ln
∣∣∣∣k
b
F,ν,s + E
b
F
m¯cb
∣∣∣∣
]
, (21)
εnb =
1
4π2
∑
s
[
1
2k
b
F,ν,s(E
b
F )
3 − 14m¯b
(
m¯bk
b
F,ν,sE
b
F
+m¯3b ln
∣∣∣∣E
b
F + k
b
F,ν,s
m¯b
∣∣∣∣
)]
. (22)
The expression for the energy density of leptons εl reads
εl =
|ql|B
4π2
∑
l
νmax∑
ν
∑
s
[
k lF,ν,sE
l
F + m¯
2
l ln
∣∣∣∣k
l
F,ν,s + E
l
F
m¯l
∣∣∣∣
]
.
(23)
The pressures of baryons and leptons are:
Pm = µn
∑
b
ρvb − εm, (24)
Pl =
∑
l
µlρ
v
l − εl, (25)
where the expression of the vector densities ρvb and ρ
v
l are
given in (7) and (14), respectively.
B. Density-dependent magnetic field
We assume that the magnetic field B in the EOS de-
pends on the density according to [28, 42–45]
B
(
ρ
ρ0
)
= Bsurf +B0
{
1− exp
[
−β
(
ρ
ρ0
)γ]}
, (26)
where ρ =
∑
b ρ
v
b is the baryon density, ρ0 is the sat-
uration density, Bsurf is the magnetic field on the sur-
face of a magnetar, taken equal to 1015 G in agreement
with observational values, and B0 is the magnetic field
for larger densities. The parameters β and γ are chosen
to reproduce two behaviors of the magnetic field: a fast
decay with γ = 3.00 and β = 0.02 and a slow decay with
γ = 2.00 and β = 0.05 [29]. According to the discus-
sion in the previous subsection, we use two values for the
magnetic field B0, namely 10
17 G and 3.1× 1018 G.
C. On the isotropy of the pressure
Notice that in the previous subsections we assumed
that the matter pressure (Pm + Pl) is isotropic in spite
of the high values of the magnetic field. As it has been
shown in Ref. [32], the anisotropic effects around 3.1 ×
1018 G are small, thus we restrict ourselves to magnetic
fields below this value.
However, the purely field-related pressure PB ∼ B2
may become dominant in the core of the star. In such
cases, the total pressure perpendicular to the magnetic
field lines would be significantly larger than the pressure
parallel to the field lines. Therefore, 3D or at least 2D
stellar structure equations should be used in order to in-
corporate the effect of the pressure anisotropy. We must
stress however, that the magnetic field geometry inside a
neutron star can be extremely complex, and depending
on its configuration the use of the spherically symmet-
ric stellar structure equations can still be a good enough
approximation, as we argue below.
If we consider, for example, a purely dipole field
(purely poloidal field), a 1D stellar structure calculation
would be certainly inappropriate for some very high field
objects. But such configuration is unstable and cannot be
realised in Nature; in fact, any neutron star with a purely
poloidal or a purely toroidal magnetic field is unstable in
general relativity (see [33] and references therein). This
strongly supports the idea that any long-lived magnetic
field configuration in a NS has to consist of a mixture
of poloidal and toroidal field components. On the other
hand, while stellar shapes have long been considered to
be oblate due to the effects of centrifugal and/or mag-
netic forces, this is not necessarily true. For example,
it has been found recently that the shape of our Sun is
perfectly round, against the common expectation of an
oblate shape due to its rotation [34].
In the specific case of neutron stars, the results found
thus far are that purely poloidal magnetic fields make
stars oblate (equatorial radius larger than polar radius),
while purely toroidal magnetic fields lead stars to become
prolate (polar radius larger than equatorial radius). Very
recently, it has been shown that equilibrium states of
magnetized stars with mixed poloidal−toroidal magnetic
fields are possible; in particular, it was possible to build
neutron stars with twisted-torus configurations in equi-
libria with any toroidal and poloidal field energy content
[35]. Such poloidal and toroidal magnetic fields act as
increasing and decreasing mechanisms for stellar oblate-
ness, respectively [36]. An additional finding of Ref. [35]
is that for a fixed polar magnetic field strength, a higher
relative content of toroidal field energy (> 10%) implies
in general a much higher total (poloidal and toroidal)
magnetic energy inside the star. This means that a highly
magnetized neutron star can harbor internal magnetic
fields that are significantly stronger than commonly ex-
pected.
In addition, a very complex field is expected from the
formation process of magnetized neutron stars, since they
4are born hot, highly convective and differentially rotat-
ing [37, 38]. During its early evolution, neutron star’s
magnetic fields can be significantly amplified and redis-
tributed by several mechanisms including possibly dy-
namo action and shear instabilities. In this context, a dis-
tribution of magnetic energy with poloidal and toroidal
fields close to equipartition appears as a very reasonable
candidate for the internal magnetic field configuration.
In such a case, since both the toroidal and poloidal com-
ponents are of the same order, we may expect that oblate-
ness and prolateness cancel out approximately, leading to
stars close to the spherical symmetry. Since a study of
stellar pulsations in 2D or 3D is numerically involving, we
shall adopt spherical symmetry as a first approximation,
and use the much more simple 1D equations. Within this
approach, we must add to the matter pressure (Pm+Pl)
given in Sec. II A, an effective mean magnetic pressure
PB representing the effective isotropic contribution aris-
ing from the combined effect of poloidal and toroidal field
components of the same order. Thus, the total energy
density and the total pressure of the system read:
ε = εm + εl +
1
2
[
B
(
ρ
ρ0
)]2
, (27)
P = Pm + Pl + PB . (28)
For finding the effective mean magnetic pressure PB we
shall follow here an averaging procedure similar to the
one employed in works that focus on the study of mag-
netic fluctuations in turbulent fluids [39, 40]. The mag-
netic stress tensor σij is given by
σij = −〈B
2〉
2
δij + 〈BiBj〉, (29)
where δij is the Kronecker tensor and the brackets 〈· · · 〉
denote the averaging. For a completely isotropic distri-
bution of the magnetic field we have 〈BiBj〉 = δij 〈B2〉/3,
and the magnetic stress tensor reads
σij = −〈B
2〉
6
δij (30)
The effective mean magnetic pressure PB is related to
the magnetic stress tensor by σij = −PB δij . Therefore,
we find:
PB =
1
6
[
B
(
ρ
ρ0
)]2
. (31)
A similar expression has been used in [41] for studying the
influence of asymmetry on a magnetized proto-neutron
star.
III. RADIAL OSCILLATIONS
In order to study the radial oscillations of a compact
star, we must know first its equilibrium configuration.
Such configuration is perturbed in such a way that the
spherical symmetry of the body is not violated. The
space-time and fluid perturbations are inserted into the
Einstein equations and into the energy, momentum and
baryon number conservation equations, assuming a sinu-
soidal time dependence exp (iωt) and retaining only the
first-order terms. The result of this procedure is a second
order ordinary differential equation for the perturbations
[1] or alternatively a set of two first order ordinary dif-
ferential equations, as shown below. In the following we
present the explicit form of the equilibrium and oscilla-
tion equations employed in the present work.
A. Equilibrium configuration
We consider that the unperturbed compact star is to-
tally composed of a perfect fluid. In this case the stress-
energy momentum tensor can be expressed as
Tµν = (ǫ + p)uµuν + pgµν , (32)
where ǫ and p are the energy density and pressure respec-
tively.
The background spacetime of the spherically symmet-
ric star, can be expressed through the line element
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2), (33)
where t, r, θ, φ are the set of Schwarzschild-like coordi-
nates, and the metric potentials ν(r) and λ(r) are func-
tions of the radial coordinate r only.
The Einstein equations in such a spacetime lead to
the following set of stellar structure equations (Tolman-
Oppenheimer-Volkoff equations)
dm
dr
= 4πr2ǫ, (34)
dν
dr
= −2
ǫ
dp
dr
(
1 +
p
ǫ
)−1
, (35)
dp
dr
= − ǫm
r2
(
1 +
p
ǫ
)(
1 +
4πpr3
m
)(
1− 2m
r
)−1
, (36)
where m is the gravitational mass inside the radius r.
The metric function ν has the following boundary con-
dition
ν(r = R) = ln
(
1− 2M
R
)
, (37)
where R is the radius of the star and M its mass. With
this condition the metric function ν will match smoothly
to the Schwarzschild metric outside the star. The bound-
ary conditions for m and p are m(r = 0) = 0 and
p(r = R) = 0.
B. Oscillation equations
Several forms of the oscillation equation have been pre-
sented in the literature (for more details the reader is re-
ferred to [6]). In this work, we use the set of equations of
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FIG. 1: The period of the fundamental mode of hadronic stars
as a function of (a) the mass M , (b) the gravitational redshift
Z, and (c) the central energy density ǫc. In all the figures we
set three different values for the magnetic field: B= 0, 1017
G and 3.1 × 1018G. We also show the effect of slow and fast
decay in the magnetic field profile.
Gondek et al. [4] and adopt G = c = 1. The equations
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FIG. 2: The frequency of the fundamental mode (ωn=0 =
2π/τn=0) as a function of the neutron star mass. The values
for the magnetic field as well as the slow and fast decays in
the magnetic field profile are the same as given in Fig. 1.
read
dξ
dr
= −1
r
(
3ξ +
∆p
Γp
)
− dp
dr
ξ
(p+ ǫ)
, (38)
d∆p
dr
= ξ
{
ω2eλ−ν(p+ ǫ)r − 4dp
dr
}
+ξ
{(
dp
dr
)2
r
(p+ ǫ)
− 8πeλ(p+ ǫ)pr
}
+∆p
{
dp
dr
1
(p+ ǫ)
− 4π(p+ ǫ)reλ
}
, (39)
where ω is the eigenfrequency and the quantities ξ ≡
∆r/r and ∆p are assumed to have a harmonic time de-
pendence ∝ eiωt.
To solve equations (38) and (39) one needs two bound-
ary conditions. The condition of regularity at the centre
(r = 0) can be written as [4, 47, 48]
(∆p)center = −3(ξΓp)center. (40)
where the eigenfunctions are normalized in order to have
ξ(0) = 1. The second boundary condition, expresses the
fact that the Lagrangian perturbation in the pressure at
the stellar surface is zero, thus:
(∆p)surface = 0. (41)
To solve numerically the oscillation equations we em-
ploy a shooting method in order to fulfil the required
boundary conditions. For more details on the method
see Ref. [6].
IV. RESULTS AND CONCLUSIONS
In this section we analyse the effect that a strong mag-
netic field could produce on the fundamental mode of
6the radial oscillations of hadronic stars. As mentioned
before, we consider that the magnetic field decays with
the density following the fast and slow profiles presented
in Section II B. All the models for hadronic stars inves-
tigated in the present work have a maximum mass in
agreement with the recent observation of the pulsars PSR
J1614-2230 with M = (1.97 ± 0.04)M⊙ [49] and PSR
J0348-0432 with M = (2.01± 0.04)M⊙ [50].
In Fig. 1 we see that a magnetic field profile with
B0 = 10
17 G, produces very small changes on the os-
cillation period of the fundamental mode with respect
to an unmagnetized star, for both slow and fast decays.
This can be explained by the small effect that such mag-
netic field intensity has on the equation of state. In con-
trast, when B0 = 3.1 × 1018 G is selected, there is a
clear change in the oscillation period. As a function of
the stellar mass, the curves fall below and to the right of
the curves for weaker fields. Notice that for large mass
objects the period changes because of the shift of the
curves due to the increase of the maximum stellar mass.
For smaller masses, the curves for B0 = 3.1× 1018 G are
also significantly different with respect to the unmagne-
tized case; e.g. for a neutron star with 1.4M⊙ the period
is around 20% smaller, and the difference increases for
less massive stars. For completeness we present also the
oscillation period as a function of the gravitational red-
shift (see middle panel of Fig. 1) and as a function of the
central mass-energy density (lower panel of Fig. 1).
The effect of strong magnetic fields is more apparent
in the frequency of the fundamental mode as can be seen
in Fig. 2. The oscillation frequency for B0 = 10
17 G is
slightly above the one of an unmagnetized object of the
same mass, and there is almost no difference between the
fast and the slow decaying profiles of the magnetic field.
However, if B0 = 3.1× 1018 G the oscillation frequencies
are clearly larger than for an unmagnetized star of the
same mass. For example, for a star with 1.4M⊙ the fre-
quency is around 20% larger and for a 1.7M⊙ star it is
around 10% larger. The difference between the fast and
the slow decaying profiles of B is very small.
As stated before, purely radial modes do not emit
gravitational waves and consequently they are essentially
damped by the bulk viscosity, originated from the re-
establishment of chemical equilibrium when a fluid ele-
ment of the star is compressed and rarified during pul-
sations. Unfortunately, there is great uncertainty about
the amount of viscosity inside neutron stars since it de-
pends sensitively on the composition of matter which is
uncertain beyond few times the nuclear saturation den-
sity [51–55]. If the damping time due to viscous forces is
long enough, radial pulsations in magnetars can leave an
imprint in the microstucture of magnetar flare lightcurves
opening a new window for the study of highly magnetized
ultradense matter.
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